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Abstract. In this paper we study the fractional Laplacian (—A)' 7 / 2 on the torus T. Our approach 
is based on the semigroup language and the extension problem. We first obtain a pointwise integro- 
differential formula for (— A) CT / 2 /(x), < a < 2, x £ T, that is given in terms of the classical Poisson 
integral on the unit disk. Sharp estimates for the kernel are given and the limits as a — > + and 
cr — y 2 are computed exactly. Regularity estimates on Holder, Lipschitz and Zygmund spaces are 
deduced. Secondly, we present a general extension problem to characterize any fractional power of 
a second order differential operator L 7 , 7 > 0. This generalizes previous known results in the case 
< 7 < 1. The extension problem and the theory of degenerate elliptic equations is applied to 
prove interior and boundary Harnack's inequalities for (—A)' 7 ' 2 . 



1. Introduction 

Very recently, there has been an increasing interest in the study of nonlinear partial differential 
equations involving fractional operators. The reason is that such problems arise naturally in ap- 
plications, like Fluid Dynamics [S] HB] 7 Strange Kinetics and Anomalous Transport [J5], Financial 
Mathematics [3"1IT7]. among many others. Fractional operators are very well-known from the Func- 
tional Analysis point of view, see the classical book by K. Yosida [22]. Nevertheless, there are some 
issues in these nonlinear fractional problems, not covered by the general theory, in which tools like 
pointwise formulas, Holder estimates and Harnack's inequalities are needed [21151 [51 UM IT?] . 

In this paper we study fractional powers of the Laplacian —A = —At on the one-dimensional 
torus T. Applying an approach based on the Poisson semigroup we obtain pointwise formulas for 
(-A) CT / 2 f (x), < a < 2, of the form 

(-A)^ 2 f(x) = P. V. / (f(x) - f{y))K°l\x - y) dy, 
Jt 

for a suitable singular kernel K a ' 2 (x). Moreover, by using these formulas, we show that 

(1.1) lim (-Ay/ 2 f(x) = f{x) - i / f{y) dy, lim A-A)°l 2 f{x) = -f"{x). 

Observe the contrast of the first identity above with the case of the Laplacian — Ar« on K™, where 
lim o ._ > . + (— Ari) CT/ ' 2 /(x) = f(x), see [TS]. Taking into account the Fourier series definition of (—A) 17 / 2 / 



in ( 2.3 ) below, the identities in ( 1.1 1 arc obvious, as limits in L 2 (T). But here we prove that the limits 
actually hold in the pointwise sense for a large class of functions. A crucial step for it is to compute 
all the constants exactly. We also study regularity properties of the fractional Laplacian on Holder, 
Lipschitz and Zygmund spaces. On the other hand, by using the extension problem, we obtain interior 
and boundary Harnack's inequalities for (— A) 17 / 2 . 

The semigroup language we adopt here turns out to be the most adequate for our purposes. In 
particular, it allows us to compute all the constants exactly, to have an explicit solution for the 
extension problem and to study regularity properties in a simple and general way. 
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Apart from the results just mentioned in the concrete case of the fractional Laplacian on the torus, 
we also obtain the following generalization of the extension problems of [4] and [20]. Let L be a 
nonnegative self-adjoint second order partial differential operator with dense domain in L 2 (fi, drj), for 
some fi C R™ and a positive measure dr\. Its fractional powers L 7 , 7 > 0, can be defined through the 
spectral theorem. 

Theorem 1.1. Let 7 G (0, 00) \N, and / in the domain of L 1 . A solution u G C°°((0, 00); Dom(L)) n 
C([0, 00); L 2 (fi)) of the extension problem 

\-L x u+^Y 1 u y +Uyy = Q, infix (0,oo), 

|u(x,0) = /(x), on fi, 

is given by 

,,2-y poo 2 j. 

(1-3) U (x,y) = -L / e -ti /(!B) - ' 



4 7 F( 7 ) 7 * 1+7 ' 

and 

(1.4) lim y-^-^dy ((y^dypu^y)) = C^Lifix), 
where [7] is the integer part of 7 and 

r = 4 7 -[ 7 ir( 7 -[ 7 ]) 1 

7 2(7-[ 7 ])r(-(7-[ 7 ]) 2M( 7 -[ 7 ])( 7 -[ 7 ] + l)...( 7 -l)- 

The idea of introducing the semigroup language to study fine properties of fractional operators is 
contained in [5Dj, where the Caffarelli-Silvestre extension problem is generalized to apply to general 



fractional operators L 7 , < 7 < 1. For this range of 7, Theorem 1.1 above is already stated in [20 



The advantage of characterizing the nonlocal operator L 1 via (1.2) is that the extension equation is 



a local PDE for which well-known techniques from the Calculus of Variations can be applied, see [3] . 



Moreover, the part in y in the first equation of (1.2 1 is a Bessel operator, see 



Our novelty here is that 7 can be taken to be any noninteger positive number. In this way we 
answer a question raised by Ricardo G. Duran about how to characterize higher-order fractional 



operators via the extension problem. When L — —Ann and < 7 < 1 we recover in (1.2) and (1.4) 



the extension problem of L. Caffarelli and L. Silvestre [J]. Also in this case, but for general noninteger 



7 > 0, condition (1.4) was obtained by S.-Y. A. Chang and M. d. M. Gonzalez in 7J. They derive the 
result by relating the fractional Laplacian (— Ar») 7 with a class of conformally covariant operators 
P 7 defined at the boundary of the hyperbolic space. In turn, our approach here is more general and 



it is based on the explicit formula for u of (1.3), already found in [20] when < 7 < 1, that involves 
the semigroup e~ tL . 

In [J], Caffarelli and Silvestre used the extension problem and local PDE techniques to prove 
interior and boundary Harnack's estimates for (— A^n ) a / 2 . Since in this case the extension equation 
is a degenerate elliptic equation in ]R" +1 , the theory by E. B. Fabes, D. Jerison, C. Kenig and R. 
Serapioni [9j .175] can be applied. Schauder and regularity estimates had been previously derived by 
Silvestre in [T7] . These results were used to solve nonlinear problems for the fractional Laplacian, see 
for example [2J [31 [JJ2I [T7] . The extension problem technique was used in [2D] to prove interior Harnack's 
inequality for the fractional harmonic oscillator (— Ar« + |x| 2 ) CT / 2 . In such case the extension equation 
becomes a degenerate elliptic Schrodinger equation, so Harnack's inequality proved by C. E. Gutierrez 
in [TT] was needed. In [5T] the corresponding Holder estimates for the fractional harmonic oscillator 
can be found. 

The paper is divided into two parts. In the first one we focus on the definition of the fractional 



Laplacian on the torus, the pointwise formulas, the limits (1.1) and the interaction with Holder, 
Lipschitz and Zygmund spaces. Our approach is based on the semigroup language. Up to our 
knowledge, there is not a closed formula for the heat semigroup on T, so we work with the Poisson 
semigroup. The regularity estimates are also obtained with this general approach. Part 2 deals with 
the general extension problem and its applications. We prove Theorem |1.1| and we use it to find 
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interior and boundary Harnack's inequalities for (— A) CT / 2 . The ideas therein are based on [3]. We 
point out here that interior Harnack's inequality for the fractional Laplacian on K n is classical [12j . 
Boundary Harnack's estimates were first proved by K. Bogdan in [T] by using probabilistic techniques. 

Throughout this paper the letters c and C denote positive constants that may change at each 
occurrence. For two positive quantities A and B we write A ~ B to denote that there exist constants 
< c < C independent of a such that c < A/B < C. 



Part 1. Pointwise formulas and Holder spaces 

2. The fractional Laplacian on the torus 

We denote by T C K 2 the unit circle. We will sometimes identify the torus with the interval (— tt, tt] 
and functions on T with 27r-periodic functions on M. Let A be the Laplace-Beltrami operator on the 

,2 

torus. It is well-known that A = where 9 is the angular variable in polar coordinates X = r8, 
r > 0, — 7r < 8 < tt, in R 2 . Given an intcgrable function / on the torus T, we write its Fourier series 
expansion as 

f(x) = J2 cn(f)e mx , c n (f) = Y I f(x)e- mx dx. 

The Poisson semigroup generated by —A is defined by 

P t f(x) ee e-^fix) := e-* H c„(/)e""\ / e £ 2 (T), t > 0. 

Then P t f(x) is the solution of the harmonic extension (dtt + A)t> = in T x (0, oo), with boundary 
condition v(x,0) = f(x) on T. We have the convolution formula 



(2-1) Ptf(x)= I P t (x-y)f(y)dy, 

where 



T 



(2.2) 



2tt 



\ e inx 




l-e- 2t 1-e" 



27r(l-2e^*cosa; + e- 2t ) 2tt((1 - e"*) 2 + 4e-* sin 2 (a;/2)) ' 

is the Poisson kernel. See Zygmund 23, Chapter III, (6.2)]. 

Let / £ C°°(T). For < a < 2, we define the fractional powers of the Laplacian on T as 

(2.3) (-Af/ 2 f(x) = ]T \nrc n (f)e inx . 

Note that for any TV G N there exists a constant C depending only on / such that |c„(/)| < C\n\~ N , for 
all n. Therefore, the series that defines (—A) a / 2 f is absolutely convergent and is a C°° (T)-function. 
We also have the symmetry property ((-A) CT / 2 /, ff ) L2(T) = (/, (-A) CT / 2 5 ) L2(T) , g e C7°°(T). In fact, 



the series in (2.3 1 converges in L 2 (T) whenever / has the property that \ n \ " l c «(/)l < °°j 

that is, when / is in the Sobolev space H a — Dom((— A) cr ). This allows us to extend the definition 
of (-A) ff / 2 to this class. The sum in (OJ is over Z \ {0} and the limits in (0| hold in L 2 (T). 



It is easy to check that for any A > and < a < 2 we have the integral identity 

X a/2 = 1 /' 00 ( e -tA 1 /=_ 1 ^W+l dt 



t l+o 



where 

(2-4) c CT = r ( e--l)W«-* 

Jo s 
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Plugging this into (2.3) and interchanging the summation with the integration, we get 
(2.5) (-&r /2 m = - r (e-*^ - l) W+1 /(«) JL, ^ T, 



„ / \ / +1 + 

for / € C°°(T). Here I is the identity operator. It is not difficult to prove that the constant c a in 
(2.4) satisfies the following asymptotic estimates: 

(2.6) — ^(2 — a), ascr— >2~, — ~ — a, as a -> 0+. 

3. POINTWISE FORMULAS FOR THE FRACTIONAL LAPLACIAN 

In this section we obtain explicit formulas for (— A) a / 2 f(x) when / belongs to the Holder spaces. 
We also prove the pointwise limits in ( 1.1 ). 

Definition 3.1 (Holder spaces on T). Let < a < 1 and k e No- A continuous function / : T — > K 
belongs to the Holder space C k ' a (T), if / e C fe (T) and 

[/<'V:=»P^^M<oo. 

x.J/GT Sin — ^ 

xjty 

We define the norm in the spaces C* fe > Q (T) to be ||/||c*.<»(T) : = Eo<Kft ll/ (0 IU»(T) + [/ (fc) ]c°- 

Remark 3.2. The condition / 6 C fc,a (T) is equivalent to ask for / to be a 27r-periodic C fe function 
on M. such that 

\f W (x)-f (k Hv)\<C k , a \x-y\ a , 
for all x,y £ [— 7r,7r] or, equivalently, for all a;, y € K, x ^ y. The least constant Cfc, Q for which the 
inequality above holds is equivalent to [f^jc- 

Consider the test space C°°(T) endowed with the family of norms 

U\\l := ||(I-A)V||| 2(T ) = £(1 + M 2 ) fc |c„(0)| 2 , k > 1, 

A real linear functional S on C°°(T) is a periodic distribution if it satisfies the following continuity 
property: if <j>j £ C°°(T), \\(f>j\\k -> as j -> oo for every fc e N, then 5(0 3 ) -> 0. Note that if 
/ £ L 1 (T) then / defines a periodic distribution by f{<f>) = f r f(j>- See Schwartz [HI Chapter VII]. 

Observe that the fractional Laplacian is a continuous linear operator on C°°(T). The following 
result will allow us to extend the definition of the fractional Laplacian to the Holder classes. 

Lemma 3.3. LetT be a continuous linear operator on C°°(T) such that (T<f), V')i, 2 {t) = (4 > yT'>p) l 2 (t) 
for all <j),ip £ C°°(T) and 

T4>{x) = [ (cP(x) - cp{y))K{x - y) dy, cp £ C°°(T), x £ T. 

Assume that the kernel K above is a 2tt -periodic function on K with 

(3.1) |^)| <-^, xeT, 

/or some < 7 < 1. Let f £ C°^ +e (T), wii/i < 7 + e < 1, e > 0. TTien T/ is we/? defined as a 
periodic distribution and it coincides with the continuous function 

(3.2) Tf(x) = [ {f{x) - f{y))K{x - y) dy, xeT. 



Proof. By (3.1 ) and the assumption on /, the integral in (3.2) is absolutely convergent. As / <E L : (T), 
we can define Tf as a periodic distribution by using the symmetry of T via (T/)(0) := f{Tcj)) = 
" T fT(j>, cj> E C°°(T). Let fj{x) = (Px/j * /)(x), j £ N, x £ T, where P t (z) is the Poisson kernel 



pj] ). It is well known [H Chapters III and IV] that f 3 e C°°(T) and that fj -> /, j -> 00, in 
L P (T), 1 < p < 00. It is not difficult to check that [fj]ci+ e < [/]ci+ E f° r a U J- Now, from the 
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L p (T)-convergence of fj to /, we can see that Tfj — > Tf as periodic distributions, that is to say 
lim^ 00 (T/ J )(^) = lim^oo J T fjT4> = J T f(T<P) = (T /)(</>), for each e C°°(T). Let n > 0. There 
exists <5 > such that, 

C 7 [/]c"y+e / |:r-2/| e_1 dj/ < ~. 

Then, for all j, 



(Mx)-f j (y))K(x-y)dy 



i\x—y\<6 

On the other hand, 



(/(*) - f(y))K(x - y) dy 



\x-y\<6 



< 3 v- 



<5<|a; — y|<7r 



[(/iW - fM) - (f( x ) - f(y))] K ( x - v) d y 



<c\fj(x)-f(x)\ + c 



11,(1,) Ji^fdy] 12 < V 



it / 3 

for all sufficiently large j, uniformly in x in some compact subset of T. Therefore the right hand side 



of (3.2) with fj converges uniformly on compact subsets of T to the right hand side of (3.2 1 with / 
and the limit is a continuous function. By uniqueness of the limits, (3.2) holds. □ 



Next we derive the pointwise formulas for (— A) a / 2 f(x), see (3.3) and (3.9) below. In both cases 
the kernels are (3.4) and (3.10), respectively. Formally, from (2.5), it is evident that those are the 



correct kernels. The point is that (3.3) and (3.9) are valid for a large class of continuous functions 



and in the pointwise sense. As a consequence of this, the pointwise semigroup formula (2.5) is also 
true for Holder continuous functions, see Remark [3~9] below. 
Let us begin with the case < a < I. 

Theorem 3.4 (Pointwise formula for < a < 1). Let < a < 1 and f € C ' CT+e (T), for some e > 
such that < a + e < 1. Then (-A) CT / 2 / is a continuous function and 



(3.3) 

where 

(3.4) 



{-&Y /2 f{x) = / (/(*) - f{y))K^ 2 (x ~ y) dy, 



with c a as in (2.4). Moreover, there exist universal constants C, c > such that 

C 



(3.5) 



r (l — ct)| sinac/2| 



l+cr 



< K a/2 {x) < 



-c ff er(l — a)\ smx/2\ x ~ 



Besides, the integral in (3.3) is absolutely convergent 



Proof. First we prove (3.5). Recall (2.2). Let us split the integral in (3.4) into two parts 

/ i — ; ~ in i ' 

J 







2tt((1 



■4e^ t sin 2 (x/2)) t 1+<T 



For Ji, 



■h 



dt 



o t 2 + Csin 2 (a;/2) t 1+CT sin 2 (a;/2) J Q 



J1 + J2 



■ dt 



sin a (a:/2) 



c 



1 



l/| S in(x/2)| 



|sin(x/2)| 1 + CT J s 2 + C 

There exist constants c, C > independent of a such that 

~- a ds 



ds. 



sin(x/2)| 

Jo 



s- a , 1 

2 ~^c ds -ch * 



ds 



< 



C 



s 2 + C ~ l-cr' 



(i 
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and 



Thus Ji 



l/|Bin(x/2)| s - a j 



c 

1 - a 



1 



(1 - cr)|sin(x/2)| 1 + CT 



We also have J2 < C 



dt 



C" 



Therefore (3.5| follows. 



To prove (3.3|, suppose for the moment that / 6 C°°(T). Since 
(3.6) P t l(x) = / P t (x -y)dy = 1, for all 16T, i > 0, 

JT 



we have, by the formula with the Poisson semigroup in ( |2.5 
(3.7) {-&T /2 f{x) - — 



P t ( X -y)(f( X )-f(y))d y¥ ^ , /GC°°(T) 



Since / e C°°(T), by (3.5), 



\P^-y)(m-f(y))\dy^<c J_^j^ 



sm ■ 



dz < 



Hence we can apply Fubini's theorem in (3.7 1 to obtain (3.3| for / 6 C°°(T). By Lemma 3.3 the 



same formula holds for / e C°> CT + £ (T). 



□ 



We now consider the first pointwise limit in ( 1.1 1. 
Proposition 3.5. Let f E C°> Q (T), for some < a < 1. 77ien 

lim (-A) CT / 2 /W = /(*) - ^ / dy, x e T. 

Proof. We must check that 



(-A)°' 2 f(x) - /(*) + i / /(y) dy = / (/(*) - /(»)) [i^/ 2 (x - y) - i 



2tt 



2tt 



rfy -> 0, 



as <t ->• 0+. Take any < a < a. By (3.4 1, 



iT /2 (X) = / P t ( X ) ^— + / PAX) -r- 



(3.8) 



1 

_c cr JO 



1 



1 



2?r / 2tt V -c^cr 



1 



- 1 



As we did in the proof of Theorem 3.4 we can see that the first integral in ( 3.8 1 is bounded from above 
by C (—c a (l — a)\ sin(a;/2)| 1+<T ) . The third summand of (3.8) tends to zero as a — > + because 
c*(jO~ = — oT(— a) = r(l — a). As for the second summand in (3.8), note that 



Hence, 



Collecting terms in (3.8), 



Pt{x) 



1 

~ c a J I 



1 

2^ 



< Ce-* 



1 



(1 - e- f ) 2 + 4e- t sin 2 (x/2) 



1 

2^ 



dt C 
< 



t l+a 



c 

-c„ 



1 

2^ 



< 



C 



-c CT (l - cr)|sin(x/2)| 1 + ff 
where F(a) is a function of a that tends to zero as a — > + . Therefore 



l/(*)-/(y)l 



^(s-y) 



1 

2^ 



dy < 



C 



l/(*)-/(t/)l 



-C(l-ff) 7t |sin 



rf y + II/IU°°(t)-FV)' 
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The second term above tends to zero as a — > + . For the first term, by applying (2.6 1, 

\m-m\ 



c 



dy < 



C 



sin : 



dy 



< 



C 



-c CT (l - a) 



-> 0, as (J — ^ 



□ 



Next we take 1 < er < 2. 

Theorem 3.6 (Pointwise formula for 1 < a < 2). Let 1 < a < 2 and / G C 1 ' ' +e ~ 1 (T), /or some 
e > such that 0<er + e- l<l. T/ien 



(3.9) 

where 
(3.10) 



(-A)-/ 2 /(x) = / (f(x) - f(y) - f'(x)(x - y))K°/\x - y) dy 
Jt 

= P.V. / (f(x)-f(y))K°/ 2 (x-y)dy 

(f(x)-f(y))K°/ 2 (x-y) dy, 



lim 

8^0 



.5<|^=*|<7r-<5,|a|<7r 



dt 



i r 

K°l\x) = -\ (2P t (x)-P 2t (x)) 7 ^>0. 

c a JO 1 



and Co- is as in (2.4). Moreover, there exist universal constants C, c > such that 

C 



(3.11) 



c a \ s,mx/2\ 1 + a 



< K a ' 2 {x) < 



c (T |sinx/2| 1 +< 7 ' 



Proof. Let us begin with the proof of ( |3.11[ ). Let D t (x) := 2P t (x) - P 2t (x). Then, by ( |2.2[ ), 

_ (1 - e- 2t )(l - e"*) 2 [2(1 + er 1 ) 2 - (1 + e" 2 *) - 4e~ ' | sinx/2| 2 ] 

= 2tt((1 - e-*) 2 + 4e-*| sinx/2| 2 )((l - e" 2 *) 2 + 4 e - 2t | sin:r/2| 2 ) " °' 

We split the integral in (3.101 as f^ + . On one hand, 



DAx) 



dt 



t 3 



i 1+<T 7o i 4 + |sin(x/2)| 4 
1 



|sinx/2| 1+cr 7 



l/|sinx/2| s 2-cr 



,S 4 + 1 



|sin(a;/2)| 1 + 



The last equivalence is true because there exist constants C, c > independent of a such that 

-l 



I 



l/|sinx/2| s 2-a 



S 4 + 1 



ds < I s 2 - a ds 



II 



- 2 ~° ds < C, 



and 



1/| sin x/2\ s 2-a ^ 

—a ds > - 

s 4 + 1 ~ 2 



s 2 a ds = c, 



f 00 dt f 00 

for all 1 < a < 2. On the other hand, / D t (x) -r— < C / -r— < C, for all 1 < a < 2. Hence, 

'A t ~ J 1 £+<> - 



(3.111 holds. 
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Now we derive the pointwise formula for (— A) a / 2 f(x). Suppose that / € C°°(T). We have 
(P t - l) 2 f(x) = (P t - l)(P t f(x) - /(*)) = P 2t f(x) - 2PJ(x) + f(x). Using (pi) and Q, 



Ca JO 
1 

1 

C(T Jo 



T 

OO />7T 



tf{x)-f{y))D t {x-y)dy Tl 



dt 



t l+a 



dt 



(f(x)-f(x-z))D t (z)dz-^ 



OO />7T 



(f(x)-f(x-z)-f(x)z)D t (z)dz 



dt 
t^+° 



where in the last identity we used that zD t (z) is an odd function. Since / G C 



l,CT+£-l 



(T), we have 



that \f(x) - f(x -z)- f'(x)z\ < C\\f\\ c ^ 



l (T) 



sin 



This and (3.11 ) allow us to see that the 



double integral above is absolutely convergent. Therefore, 

{-&T ,2 f{x) = I - f(y) - f(x)(x - y))K^ 2 (x - y) dy, f e C°°(T). 



3.3 



with K a l 2 as in (3.10). Noticing that the approximation argument in the proof of Lemma 
be applied here, we get the identity above for any / G C 1,<T+£_1 (T), and the integral is absolutely 
convergent. For the principal value, note that zK"' 2 (z) is an odd function. □ 



Let us compute the second pointwise limit in (1.1). 
Proposition 3.7. Let f e C 2 (T). Then 



lim (-A) <T / 2 /(x) = -f"(x), xeT. 

7^2- 



Proof. Recall the pointwise formula of Theorem 3.6 Let Rf(x,y) := f(x) — f(y) — f'(x)(x — y). 
Then, for any 1 < a < 2, 

(-Ar/ 2 /(x)= / (Rf{x,y)-2f'{x)\sm^\ 2 )K°/ 2 {x-y)dy 



+ 2f"(x) / \sm^\ 2 K°/ 2 (x -y)dy =: J ha +2 f"(x) J : 



2,a- 



By using the orthogonality of the trigonometric system on the torus, 



I sin 1 1 P t (z) dz 



cos z - 1 e 
Pt(z) dz = — 



With this, (3.10) and Tonelli's theorem we compute Ji 

1 

j _ i r , . .,2 

•J2.it — 



dt 



(2P t (z)-P 2t (z)) -^dz 
r jf ( 2 J |sin|| 2 P t (z)dz- J |sinf| 2 P 2t (z)dzj - 



dt 



2c 



a JO 



(l-e-t) 2 4- = - 1 -. 



Hence (— A) a / 2 f(x) = J\, a — f" (x). It remains to show that Ji j(T — > as a — >• 2~. Let e be any positive 
number. Since /" is uniformly continuous on T, there exists 5 = 5(e) > such that \ f"(x) — f"(y)\ < e 
for all x 7 y £T with Isin I < S. Hence 



\JiM < 



2 

Cc 



j o J sin 



L |< 4 



sin : 



C 



C5 2 - a 
~ c a (2-<r) ' € 



C 



Ce, as a — > 2 



5< | sin - 



<i 



because of (2.6). Since e was arbitrary, Ji -cr — > as cr — > 2 and the proof is complete. 



□ 
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Remark 3.8. When / G C 2 < Q (T), < a < 1, we also have lim CT ^2+ {~A) a ^f(x) = -f"(x). Indeed, 
for 2 < a < 3 we can write a = 2 + e for some e > 0. Then, by Proposition |3.5[ 

1 



hm (-A)^f(x) = lim (-A) e/ (-A)f(x) = (-A)f(x) - 



±2 + 



2tt 



{-A)f{y)dy = -f"{x). 



This and Proposition 3.7 yield the second limit in (1.1 ). 



Remark 3.9. Under the hypothesis of Theorems 3.4 and 3.6 formula (2.5 1 holds. Indeed, just write 
down the kernels in in (3.3) and (3.9) and apply Fubini's theorem. 

4. Fractional Laplacian on Holder spaces 
The following theorem is analogous to the results by Silvestre [T7] for (-Ai») ff / 2 and Theorem A 



in [H] for (-Ai 



') CT / 2 . It explains how the operators (— A)* 7 / 2 interact with the Holder spaces 



C > a (T). Our proof relies on semigroup ideas and is much simpler and general than the proofs in 
|17[ 12 lj that are based on the manipulation of the pointwise formulas. 



Theorem 4.1 (Interaction with Holder spaces). Let a € (0, 1] and < a < 2. 

(1) Let f G C*°< Q (T) and a < a. Then (-A) CT / 2 / G C* ' Q - CT (T) and 

||(-A) <t/2 /|| c o. q - < t( T:) < C||/|| c o, Q(T ). 

(2) Let f € C^ a {T) and a < a. Then (-A) CT / 2 / e C* 1 ' Q - ,T (T) and 

ii(-Ar/ 2 /n cl , Q -. (T) <cii/ii cl . Q(T) . 

(3) Let f G C^ Q (T) and a > a, with a - a + 1 ^ 0. Then (-A) CT / 2 / G C* ' Q - CT+1 (T) and 

||(-A) cr/2 /|| c o. Q - CT+ i (T ) < C||/|| C i.«(T)- 

(4) Let f e C k - a {T) and assume that k + a - a is not an integer. Then (-A) CT / 2 / £ C LJ3 {T), 
where I is the integer part of k + a — a and ft = k + ot — cr + I. 

In Theorem 



4.1 



4.1 



could 



(4) is a consequence of (l)-(3) by iteration. As we mentioned, Theorem 
be proved by following the ideas of [T7] or [5T] and taking into account that the conjugate function 
is bounded on C°' Q (T), < a < 1, see Zygmund [23l Chapter III, (13.29)]. This method essentially 
uses the pointwise formulas (3.3) and (3.9). 

We present a unified and more general way to pro ve Theorem |4.1| It stands on the semigroup 
characterization of C k,a (T) given in Proposition 



4.3 



below. The method has several advantages. 
First, we only need to use the semigroup formula for the fractional powers (2.5 1, so the idea could be 
extended to other fractional operators, see for instance [13] . Secondly, Zygmund's classes can be also 
considered. The Zygmund space A* contains the Lipschitz space C 0,1 (T), see 23, Chapter II]. Taking 
into account Proposition |4.3| below, we readily see that Theorem |4.1| is a direct corollary of Theorem 



A k . 



PI 

Definition 4.2. Let (3 > and k = \0\ + 1. We define 
(4.1) A^T) := {/ G C(T) : \\t k d k P t f(x)\\ L ~ m < At' 3 } . 

If Ak is the least constant A appearing above, then the norm in A^(T) is H/Ha^t) = ll/llz, 00 ^) 
Next we relate the spaces A ( g(T) with the Holder spaces C fe ' Q (T) and the Zygmund class A*. 

Proposition 4.3. Let (3 > 0. 

(i) Let f G C(T) and k,i > j3 be two integers. Then the two conditions 

\\t k d k P t f(x)\\ L ~ m < A k tP, \\t e dfP t f(x)\\ L - m < Mifi 

are equivalent. The least constants Ak and Ag that satisfy the inequalities above are comparable. 

(ii) J/0 < (3 < 1 then Ap(T) = C°^(T), with equivalent norms. 
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(Hi) We have Ai(T) = A*, the Zygmund class defined as the set of continuous functions f on T such 
that \f(x + h) + f(x -h)- 2f{x)\ < C\h\, for all x G T and h G M. The quantity 



ll/IU. = ll/IU~(T) + sup 

\h\>0 



\\f(x + h) + f(x-h)-2f(x)\\ 



L°°(T) 



\h\ 



is equivalent to ||/||ai(T)- Consequently, C 0,1 (T) £ Ai(T) and H/Ha^t) < C||/llc°- 1 (T) • 
fiuj 7/1 < /3 < 2 £/ien / G A^T) if and only if f is differ entiable and f G A^_i(T). Moreover, 

ll/IU^T) is equivalent to ||/||z,°=( T ) + H/'Ha^-^T)- Similarly, A 2 (T) = {/:/' G A*}, 
(fyj is not an integer, then A^j(T) = (7^'^ — I^J(T) iirai/i equivalent norms. Similarly, for ft = j € 

N, we /icwe Aj(T) = {/ : € A,}. 

Proof. Note that follows from (ii)-(iv) by iteration. Items (i)-(iv) of this proposition, in the case 
when T is replaced by R", is contained in Stein [TS1 Chapter V, Section 4]. The proof there relies 
on appropriate estimates and cancelations of the Poisson kernel on K™, the semigroup property of 



and the equation (d u + Af»)(e 



K " f)(x) — 0. The same ingredients are present in the 



case of the torus and the arguments from Stein follow line by line here. We just mention the estimates 
for the Poisson kernel on T: 



\d k P t (x)\ < C fc |sinf | 



-O+i) 



\%P t (x)\ <C fc e-*(l-e-*)- Cfc+1) , 



for any x G T, t > 0, and k > 1, see Lemma 3]. The derivatives with respect to x satisfy the same 
bounds. □ 

Theorem 4.4. Let (3 > and < a < 2 wift a < [3. If f G A^T) i/iera (-A) CT / 2 / G A (3 _ CT (T), and 

||(-Ar/ 2 /||A^(T)<q|/||A,(T). 

Proof. Suppose first that < a < 1. We have to prove that 

\\t k d*P t (-Ay/ 2 f(x)\\ L ~ m < C\\f\\ Kfs{T ^-% k=[[3-a]+l. 
As < a < 1, by Remark |3.9| and Proposition |4.3| 



(-A) CT / 2 /(x) 



(P s /(z) - f{x)) 



(Ji(x,t) + J 2 (x,t)) 



ds 

s l+cr 



where J\{x,t) denotes the part of the integral from to t. By using the semigroup property, the 
hypothesis and Proposition |4.3|fc), 



t k d k P t 
t 



d r P r f{x) dr 



< t K 



o Jo 

d k w +1 p w f(x) 



ds 

ol+CT 



o Jo 



w—t-\-r 



<t k \\f\W s n 



t p \\f\ 



A 3 (T) 



(t + r) 



g-k-i 



dr 



dr ■ 



'o Jo 

-t r s/t 



ds 
ds 

;l+cr 



< C^||/|| 



A^(T) 



(l + u)' 3 - fe - 1 d M - 
s L 

1 ^1+7 = C 'll/llA, d (T)^ <T - 
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ds 



On the other hand, by the semigroup property and Proposition |4.3| (%), 

7>00 7 />00 7 

\t k d k P t J 2 (x,t)\ < t k / d k w P w f(x)\ w _ t+s + / \t k d k P t f{x)\ - 

Jt s Jt s 

< c\\fu fj(T)t e-° QT(i + u f- k ^ + 1) = cii/ii a , (t) ^- ct . 

Hence, the conclusion follows for < a < 1. 

Consider now the situation 1 < a < 2. We can write (-A) a / 2 f = (-A) CT / 2 " 1 / 2 (-A) 1 / 2 / = 
(— A) <T / 2 ~ 1 / 2 i?<9 :I ;/, where i? = A) -1 / 2 is the conjugate function operator on T. Observe that, by 



Proposition 4.3(iv), if / g A i g(T), /? > a > 1, then <3 X / e A,g_i(T). Therefore, the result follows from 
the classical Korn-Privalov-Zygmund theorem that says that the conjugate function is bounded on 
the spaces A 7 (T), 7 > 0, see Zygmund [23] Chapter III, (13.29)], and also from the case just proved 
above (0 < a/2- 1/2 < 1). □ 



Part 2. Extension problem and Harnack's inequalities 

5. The general extension problem 

Let L be a nonnegative, densely defined and self-adjoint operator on L 2 (H,dr]) = L 2 (Vt) : where f2 
is an open subset of W 1 , n > 1, and drj is a positive measure on f2. There is a unique resolution of 
the identity E, supported on the spectrum of L, such that 

/>oo 

(Lf,g) = / XdE f , g (X), f € Dom(L), g e L 2 (Q). 
Jo 

Here c?i?/ i9 (A) is a regular Borel complex measure of bounded variation. Throughout this section we 
use the notation (/,<?) = J n f(x)g{x) drj(x). The heat-diffusion semigroup generated by L is given by 



(e- tL f,9) = 



dE f JX), f,geL 2 (n), t>0. 



Fix any 7 > 0. The fractional operators LP are defined by 



r A 7 dE Lg (X), f e Dom(L 7 ), g E L 2 (n), 
Jo 



with domain 



Dom( J L 7 ) = {/ e L 2 (f7) : jf A 27 dE fJ (X) < 00} D Dom(Ll 7 l) 



Proof of Theorem \l.l\ As in [2D], the equality ( 1.3 ) means that u(-, y) € Dom(L) for any y > and 



2t 



4 7 r( 7 ) 7 



dt 



for all 5 G -L 2 (0). It is proved in [JDJ Theorem 1.1] that, when < 7 < 1, the function u given in ( 1.3 1 
and interpreted as above, is well defined and satisfies (1.2 1 and (1.4 1. If we consider 7 > 1, then, by 
following exactly the same arguments as in [2DJ, it is easy to see that u as in (1.3 1 is well defined and 
verifies ( |1.2[ ). It remains to prove (1.4). We proceed by induction on [7]. As we have just said, (1.4 1 
is valid for [7] = 0. Assume (|1.4[) for j < 7 < j + 1, j € N. Let us check (|1.4[) for j + 1 < 7 + 1 < j + 2. 
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Take / G Dom(Z^ +1 ) and g g L 2 (Q). Then 
((y- l d y )u(;y),g(-)) ' 



4(T+i)r(7+i) y 

v 2 7 



dt 



ir 



47+ir( 7 + i) y 

-2^ 



4 ^2(7 + 1) 



2/ 



47+ir( 7 + i) y 

4^ ' 4T( 7 ) J 



t 2+ 7 2t 3 +^ 

(e- tL f,g)d t (e-^t-^)dt 
dt 1 



<l + (7+l) 

dt 



Lf,g)( 



fl+7 



2 7 



w(-,y),p(-)>- 



Observe that i> is a solution to (1.2 1 with initial data v(x,0) = Lf(x). By the induction hypothesis, 
Iim (y^^-^dy {{y-%) i+1 u{',v)) ,»(•)> 



i lim (y 1 - 2 ^)^ ((tf-^^C-.tf)) ,5(0) 

^7 y->0+ 

1 4 7-ir( 7 _j) 1 



(£ 7 (Af),<?) 



27 2(7 - j)r(-( 7 - i)) 2^(7 - j)( 7 - j + 1) . . . ( 7 - 1) 

4 (7+i)-(j+i)r(( 7 + i)-(j + i)) 

2(( 7 + i)-(i + i))r(-(( 7 + i)-(i + i))) 

1 

X 2^+i((7 + 1) - (j + 1))(( 7 + 1) - (J + 1) + 1) • • • ((7 + 1) - 1) 



(^ +1 f,g), 



which is (1.4). The theorem is proved. 



□ 



Remark 5.1. As done in [50], more properties of the general extension problem could be established, 
like Poisson formulas, fundamental solutions, Cauchy-Rlemann equations, conjugate Poisson kernels 
and L p estimates. 

Remark 5.2. If we assume that / g Dom( J LW+ 1 ), 7 > 0, then 

1 



H+i dt 

*!+-» 



l "f JO 



°° I -tL + 1 f dt . T 2 (ri \ 



with dj = J °° (e * — 1) 
obtain parallel pointwise formulas for L 7 f(x) like those of Theorems 3.4 and 3.6 



Therefore, in the case that L has an explicit heat kernel, one could 



6. Harnack's inequalities for (-A) ct / 2 

In this section we apply the extension problem to prove interior and boundary Harnack's inequalities 
for (-A) ff / 2 , < a < 2. 

Let us see how the extension problem for the fractional Laplacian on the torus admits a classical 
solution. We show this by using the classical Fourier method. 

Take / g Dom(— A). We first claim that a solution u : T x [0, 00) — > K to the extension problem 
( 1.2 1 for / can be written as 

t ^ V° r tA*, \ -£ dt 



(6.1) 

e "'" e 



V a ( f\ inx f°° -tn 2 -l£ ^ 
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Indeed, to see (6.1|, observe that e /(x) = X^nez e *™ c n{f)e mx , where the series converges uni- 
formly in x, because 



£^" 2 M/)I<H/IU 2 (T) ($>- 2 - 2 ) 

ngZ VneZ / 



1/2 



< 



C||/IU 2 (T) 
(! _ e -ct)l/2- 



Since 



E 

raGZ 



e- tn c n (/)e"fe 



t i+o-/a - C / / Q (i Z e -ct)i/2 t i+ CT /i 



e 4 * 



< oo, 



Fubini's theorem can be applied to obtain the second equality of (6.1 1. 
Secondly, u(-, y) € C 2 (T), for every y > 0. Indeed, for h > 0, 



w(« + ft, y) - «0, y) y° 



4^/ 2 r(a/2) 



inx roo 



-tn 2 -Xl 

e e 4t 



dt 



As 



£m/)i 



v 2 dt 



ne e 44 



£l+<r/2 



t l+( CT +l)/2 



t l+a/2- 



< 00, 



by dominated convergence, u is differentiable with respect to x and the derivative can be taken inside 
the series in (6.1). A similar argument shows that u(-,y) £ C 2 (T). 
Finally, let us see that 

(6.2) || ? /-%(x,y)|| L2(T) ^C CT/2 ||(-A) CT / 2 /|| L2(T) , asy^0+. 



To prove (6.2) we use (6.1), the cancelation 



y 2 \ dt 



and dominated convergence as follows: 

h^Uyix^Wl^^Y.^N 



1 



= Em/)I 2 U 



4-/ 2 r(a/2) J 
1 



4-/ 2 r(a/2) J 



0, y > 0, 



e e 44 



(e- tn -l)e" 



2t 



dt 



,2 



2t 



dt 



E m 2ct m/)i 2 = c 2 /2 ii(-Ar/ 2 /ni 2(T) . 



nGZ 

We also note that if / > then u > 0. 

Theorem 6.1 (Interior Harnack's inequality). Fix < a < 2 and an interval I C T. There exists a 
positive constant C depending only on a such that for any subinterval J compactly contained in I , 

sup / < Cinf /, 

for all f G Dom(— A), / > in T, such that (— A) CT / 2 / = in L 2 (I). As a consequence, any f 
verifying these properties is a continuous function in J. 



Proof. Set u(x, y) — u(x, \y\), x e T, y 6 K, where n is as in (6.1 ). Let us verify that u is a nonnegative 
weak solution of 



(6.3) 



div(|y| 1 - CT Vu) = 0, in Q := I x (-R, R), R>0. 
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Indeed, for any 99 £ C%°(I x (-R, R)) and 6 > 0, by applying the divergence theorem, 

/ |y| 1_CT Vu ■ Vipdxdy = / div(\y\ 1 ~' y ipVu) dx dy + / \y\ 1 ^ a Vu ■ Vtpdxdy 

Jq JQn{\y\>S} JQn{\y\<8} 

(p(x 1 S)d 1 ' a Uy(x,S)dx + / \y\ 1 ~ a Vu ■ Vip dx dy. 

Jlx(-S,S) 

The first term above is bounded by |M|l°°((-.r ,r)-.l 2 (i)) W^ 1 ^ 17 u y {x, 5)||i2(n, which tends to as 8 — > + 
because of (6.2 1. As for the second term, we write V£t • V<p = d x iid x (p + d y ud y ip, so the integral splits 
into two parts J\ + Ji- To deal with J%, we see that, as / € Dom(— A), the derivative d x f £ L 2 (T). 
Next we check that \\d x u(x, y)\\L 2 (T) —> \\dxf\\L 2 (T), as V —> + . This is proved by using (6.1), a change 
of variables and dominated convergence: 



(a poo 



tl + cr/2 



tiEZ 



I r°° _yj„2 _. ds ' 

e 4 



T(a/2) J s 1 -*/ 2 



— > E n2 l c «(/)! 2 = ll^/lli=( T)! as y -> 0+. 

Thus there exists a constant C(f) such that Hc^i^a:, 2/)||i2(T) < C(/) f° r au sufficiently small y. Hence, 
\Ji\ < C{J 1 ip)5 2 - a -> 0, as (5 -> 0. For J 2 , by ( [672] ), there exists C such that || | 2 /| 1 - <T M y (x, ?/)|| L 2 (7) < C 
for all sufficiently small y. Therefore, 

\M < [ \\\y\ l ~ a Uy{x,y)\\ L 2 {I) \\dyLp\\ L 2 {I) dy < C V S^ 0, 5^0. 
J-5 



Hence, u is a nonnegative weak solution to (6.3) in Q — I x (—R,R). Equation 6.3 is a degenerate 
elliptic equation with A2 weight |2/| 1_<T . By applying Harnack's inequality of [TU] to u, we get the 
conclusion for / and / is a continuous function in J. □ 

Remark 6.2. A natural question that arises is how to apply the extension problem to get interior 
Harnack's inequality for (—A) 17 / 2 with a > 2. First, we must note that some extra hypothesis on / 
should be added. Indeed, Harnack's inequality for the biharmonic operator (— A R ™) 2 holds if we also 
know that (-Ag»)/ > 0, the counterexample being f(x) — x\ in £2(0), see [5]. Secondly, if a > 2, 
the degeneracy weight in the extension equation div(y 1_cr Vw) = does not belong to any A p class 
and, up to our knowledge, Harnack's inequality in this case is not known. 

Theorem 6.3 (Boundary Harnack's inequality). Let < a < 2 and fi,fs £ Dom(— A) be two 
nonnegative functions on T. Suppose that (— A) CT / 2 /i — in L 2 (I), for some interval I — (xq, xi) C T, 
and fi = on (xq — e, Xq], for some small e > 0, i = 1, 2. There is a universal constant C such that 

h{x) fi(x) 
sup — j-(r < C mf ~rr^- 

xe(x ,x + % ) J2(X) x£{x ,x +^) J2\ x ) 

Moreover, is a-Holder continuous in (xo,xo + e/2), for some universal < a < 1. 

Proof. Without loss of generality we can assume that xq — 0, x\ — n and e = 3/2. Let Ui{x,y) = 
Ui(x, \y\), where Uj is the extension of fi as in Theorem As in the proof of Theorem 6.1 Uj satisfies 
the degenerate elliptic equation div(\y\ 1 ~ a Vui) = in the weak sense in (0, 7r) x E. Moreover, in 
verifies the equation in the weak sense in (TxR) \ {(x,0) ■ —it < x < 0} and Ui(x,0) = f%(x) for all 
x £ (-7r,0). 
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V > 




Consider the map \& from M 2 \ {(x, 0) : x < 0} into M 2 \ {(x, y) : x < 0} given in polar coordinates 

by 

(r cos 9,r sin 6) i — >• (*i(r, 0), * 2 (»", 0)) = (r cos f, rsin f), r > 0, 0e(-7r,7r). 

Define f7i(X,F) = ^(^(X, F), tf^pf, F)), for all (X,Y) e R 2 \ {(x,y) : x < 0}. Observe that 
Ut is a continuous function, hence £/j(0, Y) = continuously for all —3/2 < F < 3/2. Moreover, by 
making the change of variables in the equation for Uj, it can be readily seen that Ui is a nonnegative 

1-CT 

weak solution of div (B(X, F)Vx,yZ7i) = in (0, vr) x R, where F) = v ^f^ y2 

t y > o 

1 3/2 




div(BVUi) = 



♦ -3/2 




Since B is an A 2 weight in K 2 , the equation for Ui above is a degenerate elliptic equation. By the 
boundary Harnack's inequality of [S], 



sup 

(0,3/4) x (-3/4,3/4) 



U 



inf 



(0,3/4) X (-3/4,3/4) Ui ' 



and Ui/U% is a-H61der continuous. Going back to u\ and ui and restricting them to y — the result 
follows. □ 
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